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LOW DIMENSIONAL PROJECTIVE GROUPS 



INDRANIL BISWAS AND MAHAN MJ 



Abstract. We initiate the study of holomorphically convex groups: groups that can be realized as 
fundamental groups of smooth complex projective varieties with holomorphically convex universal covers. 
If G is a holomorphically convex group of cohomological dimension two, we show that G is isomorphic 
to the fundamental group of a compact Riemann surface. As a consequence, we show that if a linear 
group G has (rational) cohomological dimension two and is the fundamental group of a smooth complex 
projective variety, then G is a (virtual) surface group. 
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1. Introduction 

A long-standing and well-studied problem due to Serre is to determine which finitely presented groups 
can be realized as fundamental groups of smooth projective complex varieties or more generally of compact 
Kahler manifolds AB CKT] . Fundamental groups of compact Kahler manifolds are usually referred to as 
Kahler groups. We shall similarly refer to fundamental groups of smooth complex projective varieties as 
projective groups. Projective groups are of course Kahler. The converse is a well-known open question. 

A connected complex manifold M is called holomorphically convex if for every sequence of points 
{ x i\iL\ °f M without any accumulation point, there is a holomorphic function f on M such that the 
sequence of nonnegative numbers {\f(xi)\}^ 1 is unbounded. In this paper, we initiate the study of 
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2 I. BISWAS AND M. MJ 

a natural subclass of projective groups, namely groups that can be realized as fundamental groups of 
smooth complex projective varieties, of dimension at least two, with holomorphically convex universal 
covers. We shall call such groups holomorphically convex groups (any holomorphically convex group 
is the fundamental group of a smooth complex projective surface with holomorphically convex universal 
cover; see Proposition l2.1j) . A conjecture of Shafarevich asserts that all smooth projective varieties have 
holomorphically convex universal covers. 

Fundamental groups of compact Riemann surfaces are called surface groups. A group is said to be 
virtually a surface group if some finite index subgroup of it is a surface group. In this paper we address 
the following question: 

Question 1.1. Let G be a non-trivial Kahler group of (integral cohomological) dimension less than four. 
Is G the fundamental group of a closed Riemann surface? 



Closely related questions have been raised independently by Delzant and Kotschick. (See Section ITTT1 
below for history and motivation.) 

We shall refer to the integral cohomological dimension of a group G simply as its dimension. The 
dimension zero and dimension one cases of Question 11.11 are well-known as a group has dimension zero 
(respectively, one) if and only if it is trivial (respectively, free) ; that these cannot be Kahler is well-known 
[ABCKTJ. We shall therefore deal with dimensions two and three. 

The main theorem proved here is the following (see Theorem 14.71 Theorem 15. 2p . 
Theorem 1.2. Let G be a holomorphically convex group. 

• If G is of dimension two, then G is a surface group. 

• If G has rational cohomological dimension two, then it is a virtual surface group. 

Theorem 1 1.2 1 has the following corollary (see Corollary I4.8[) : 

Corollary 1.3. Any Kahler group G that is of integral cohomological dimension two and providing a 
negative answer to Question \1.1\ must be 



(a) either non-projective, or 

(b) the fundamental group of a smooth projective complex surface X such that its universal cover X 
is not holomorphically convex. 

If A is a smooth complex projective variety such that tti(X) is a subgroup of some GL(n,C) (such 
groups are called linear), then the universal cover A is holomorphically convex [EKPR] . Therefore, 
Theorem 1 1.21 has the following corollary (see Corollary 14. 101 Corollary 15. 3\i : 

Corollary 1.4. Let G be a linear projective group. 

• If G is of dimension two, then G is a surface group. 

• If G has rational cohomological dimension two, then it is a virtual surface group. 



The key ingredients in the proofs of Theorem 11.21 and Corollary 11.41 include 

(1) topology (especially second homotopy group) of smooth complex projective surfaces with holo- 
morphically convex universal cover (Section [2]), 

(2) a spectral sequence argument for computing group cohomology with local coefficients (Section 
[3]) , which was inspired in part by an argument of Klingler [Klij 

(3) homological group theory of duality and Poincare duality groups (Section [4|) , 

(4) a theorem of Eyssidieux, Katzarkov, Pantev and Ramachandran [EKPR showing that complex 
projective manifolds with linear fundamental group have holomorphically convex universal cover. 

Rivin asks if there are smooth complex projective surfaces other than P 1 x C, where C is a compact 
Riemann surface, with fundamental group of cohomological dimension at most two [Ril Question 2.8]. In 
Example 16.11 we produce such surfaces. However the fundamental groups of these surfaces are virtually 
surface groups. 
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Finally in Section [7] we formulate a group-theoretic version of the Shafarevich conjecture (Conjecture 
7.1[) asking if the class of holomorphically convex groups equals the class of projective groups. We show 
that if G is a holomorphically convex group, then H 2 (G, ZG) is free abelian (Proposition 17. 2|) . To the 
best of our knowledge it is not known whether H 2 (G, ZG) is free abelian for every Kahler group G. 

1.1. Motivation and history. Several examples of groups closely related to those covered by Theorem 
1.21 have been dealt with in the literature. 



In |BM| we prove that infinite one-relator Kahler groups are precisely fundamental groups of (complex) 
one dimensional orbifolds with at most one cone-point. One-relator groups have rational cohomological 
dimension two. This provides another case where the answer to Question 11.11 is affirmative. The tech- 
niques used in [BM] are completely different from those used here. 

It was pointed out to us by Delzant [DeStj , and appears already in a paper of Kotschick [Koj that the 
image of the Albanese map for a compact Kahler manifold with fundamental group G of dimension less 
than four is either a point or a smooth complex projective curve. As observed in |BM] it follows that if 
in addition G is also coherent and of cohomological dimension 2, possessing a finite index subgroup with 
positive first Bctti number, then G is a surface group. 



2. Holomorphically convex universal cover 

A complex analytic manifold M is holomorphically convex if and only if it admits a proper holomorphic 
map II : M — > Q to a Stein space Q such that II* (Dm — Oq. The Stein space Q is referred to as the 
Cartan-Remmert reduction of M |Re| . 

Proposition 2.1. Let G be a holomorphically convex group, meaning G — ni(X), where X is a smooth 
complex projective variety with holomorphically convex universal cover and dim A > 2. Then there is a 
smooth complex projective surface S with holomorphically convex universal cover such that G = tt\{S). 

Proof. Assume that dim A > 2. Let X be the universal cover of X. Fix an embedding X <-> CP™. By 
the Lefschetz hyperplane theorem, the inclusion 

i : Y := XC\H ^ X 

induces an isomorphism of fundamental groups, where H is a suitable hyperplane. Hence t lifts to a 
proper holomorphic embedding X : Y — > X, where Y is the universal cover of Y. Therefore, Y is a 
complex analytic submanifold of X. 

Since Y is properly embedded in X, it follows that if {x n } is a sequence of points of Y without any 
accumulation point in Y, then {x n } does not have have any accumulation point in X. By holomorphic 
convexity of A, there is a holomorphic function / on X such that the sequence {|/(x n )|} is unbounded. 
Considering the function /one conclude that Y is holomorphically convex. Now the proposition is 
deduced inductively. □ 

2.1. Higher cohomology groups. In the rest of this section, we assume A to be a smooth complex 
projective surface such that the universal cover A of A is noncompact and holomorphically convex. In 
particular, m(X) is an infinite group. The Cartan-Remmert reduction of A will be denoted by Y. We 
note that Y is not a point because A is noncompact. 

Narasimhan, [Naj . and Goresky-MacPherson, |GM| . gave restrictions on the topology of Y . 

Theorem 2.2 ( |Na[ [GM] h Let M be a (not necessarily smooth) connected complex projective surface 
with Stein universal cover M . Then H l (M , Z) = for i > 3. Moreover, M is homotopy equivalent to 
a 2-dimensional CW-complex. 
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2.2. The second homotopy group. Let A be a smooth complex projective surface, and let / : X — > 

X' be the minimal model. Then _f» : iri(X) — > m(X') is an isomorphism; this is because X is obtained 
by successive blow-up of points starting with X' . Therefore, we may, and we will, assume that the surface 
X under consideration is minimal. 

We use the notation Hi(M) (respectively, H l {M)) to denote Hi(M, Z) (respectively, H l (M, Z)). 

We recall a theorem of Andreotti-Narasimhan |ANj . 

Theorem 2.3 ( |ANj ). Let M be a (not necessarily smooth) complex projective surface whose universal 
cover M is Stein. Then the second homotopy group ■n 2 {M) is free abelian. 

Proposition 2.4. Let X be a smooth complex projective minimal surface whose universal cover X is 
holomorphically convex. Then the second homotopy group ir 2 (X) is free abelian. 



In [Gu , Gurjar proved that the second homotopy group of X is torsion- free if the universal cover of 
A is holomorphically convex. Gurjar has communicated to us an observation due to Deligne that the 
proof in [Guj leads to Proposition ^. 41 He also showed us his notes on [Guj . Since Proposition 12 .41 is not 
available in print, we have supplied here a proof based on notes of Gurjar on [Guj. 

Let 
(2.1) <t> : X — > Y 

be the Cartan-Remmert reduction of A. There are two cases to consider: 

(1) The Cartan-Remmert reduction Y is a Riemann surface. In this case, Proposition 12.41 has been 
proved by Gurjar [Guj . 

(2) The Stein space Y is of complex dimension two. Andreotti and Narasimhan, [ANj . have proved 
that in this case H^iX) is torsion- free. They further show that if A has only finitely many 
compact analytic subvarieties, then H 2 (X) is free abelian. 

In the rest of this subsection we assume that the complex dimension of Y is two. 
The space Y is normal. There is a discrete set P of points of Y such that 

(a) P consists of the singularities of Y and some smooth points, and 

(b) A is obtained by resolving singularities of Y and blowing up the smooth points in P. 

Since A is minimal, we know that A, hence A, does not contain any smooth rational curve that can be 
contracted. Hence P consists of singularities alone. Consequently, P is a discrete set of points. 

It follows that every non-trivial fiber (meaning the fiber is not a single point) F of <fi m (12.11) is a 
finite union of irreducible projective curves, and H 2 (F ) is a free abelian group, generated freely by the 
homology classes of the irreducible components of F [Guj . Let F denote the union of all nontrivial fibers 
of 4>. Hence H2{F) is a free abelian group, generated freely by the homology classes of all the irreducible 
components of all the non-trivial fibers of <j>. Also 4>\x\f : A \ F — > Y \ P is a homeomorphism. 

Lemma 2.5. Let i : F — > X be the inclusion map. Then 

i, : H 2 (F) — ► H 2 (X) 
is an injection. Also H^{X) — 0. 

Proof. First observe that Hs(X; F) = Hs(Y; P); this follows from the fact that the spaces obtained 
from A and Y by coning off F and P respectively are homotopy equivalent. Since P is a discrete set of 
points, we have Hs(Y) = H^iY; P) by the relative homology exact sequence for the pair (Y , P). As Y 
is Stein, we have H$(Y) — by Theorem 12.21 Hence H?,(X\ F) — 0. Now the relative homology exact 
sequence for the pair (X,F) 

H 3 (X; F) — ► H 2 (F) — ► H 2 (X) 
yields the first statement of the lemma. 
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Since H%(X\ F) = = 113(F), the relative homology exact sequence for the pair (X; F) 

H 3 (F) — ► H 3 (X) — ► ff 3 (A; F) 
yields the second statement. D 

Proof of Proposition 12. 4t Let JV C 7 be a disjoint union of compact contractible neighborhoods of 
points in P. Let 

N = -1 (iV) C X. 

Then N U (X\F) — X and JV U (Y \ P) = Y. We have the following commutative diagram from the 
Mayer- Vietoris sequences for these two spaces: 

H 3 (X) — > # 2 (a/V) -»• H 2 {X \ F) (B H 2 (N) -±+ H 2 {X) -A 

«, 2 , I* [k J j , 

i? 3 (Y)(=0) — > # 2 (cW) — ► J? 2 (Y-P)8 {0} -2+ H 2 (Y) -£> 
-^ H^ON) — ► H t {X-P) — > 

I* I" 

-^» #x(diV) — ► #i(Y\P) — ► tf^Y) 

In the above diagram, -ffa(Y) = by Theorem 12.21 Also i\\ H rf}\ is injective by Lemma \2. 5 1 Hence 
by (a slight modification of the proof of) the 5-lemma, the homomorphism </>* induces an isomorphism 
between H 2 (X)/h{H 2 (N)) and H 2 (Y). 

Now, H 2 (Y) is a free abelian group, because Y is Stein (see Theorem 12. 3p . It follows that H 2 (X) is 
isomorphic to H 2 (N) © H 2 {Y) as ii| ff ,^-, is injective. But H 2 (N) = H 2 (F) is free. Hence H 2 (X) is 
free. 

Finally, since X is simply connected, it follows from the Hurewicz theorem that tt 2 (X) = tt 2 (X) = 
H 2 (X) is a free abelian group. □ 

2.3. The second (co)homology groups. 

Corollary 2.6. Let X be a smooth complex projective minimal surface whose universal cover X is 
holomorphically convex. Then the second homology group H 2 (X , Z) is free abelian. Also, the second 
cohomology group is isomorphic to Hom(ff2(^, Z),Z), an d it is a direct product of copies ofL. 

Proof. The first statement follows from the Hurewicz theorem as X is simply connected. 

The second statement follows from the universal coefficient theorem. Since Hi(X, Z) = 0, it follows 
that H 2 (X, Z) is torsion-free. Hence H 2 (X, Z) is isomorphic to Hom(H 2 (X, Z),Z), which is a direct 
product of copies of Z, since H 2 (X, Z) is a free abelian group as per the first statement. □ 

The above proof of Proposition 12.41 gives us more. Suppose G — fti(X) is torsion- free. Then, H 2 (F) 
is a finitely generated free ZG-module, because G acts freely on Y and hence G acts freely on the union 
of fibers over the singular set P. Thus, the above Mayer- Vietoris argument gives the following: 

Corollary 2.7. Let X be a smooth complex projective minimal surface whose universal cover X is 
holomorphically convex. Let the Cartan-Remmert reduction Y of X be a complex surface. Then H 2 (X) — 
A © H 2 (Y) as 1iG-modules, where A is a finitely generated free ZG '-module. Further, A = if and only 
if X is Stein, i.e., Y = X. 

The last statement follows from the fact that A = if and only if H 2 (F) — 0, which in turn is true 
if and only if the set P is empty, meaning X is Stein with Y = X. 
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3. Second cohomology with local coefficients 

Lemma 3.1. Let X be a smooth complex projective surface with holomorphically convex universal cover 
X. Assume that G := itx(X) is torsion-free. Let <j) : X — > Y be the Cartan-Remmert reduction. 
Assume that Y is an open Riemann surface. Then G is isomorphic to the fundamental group of a 
compact Riemann surface. 

Proof. The Riemann surface Y must be biholomorphic to either the complex plane or the upper half 
plane (Gu[ p. 703]. Since G is torsion-free, and <j> is a proper G-equivariant map, it follows that G acts 
on Y freely properly discontinuously and cocompactly by holomorphic automorphisms of Y. Hence Y/G 
must be a closed Riemann surface. □ 

Lemma 3.2. Let X be a smooth complex projective minimal surface with holomorphically convex univer- 
sal cover X . Let (f> : X — > Y be the Cartan-Remmert reduction. Assume that Y is a complex surface. 
Also, assume that G := tti(X) is torsion-free. Then 

0* : Ht{X) — ► Ht{Y) 

is an isomorphism. 

Proof. As before, P denotes the singular locus of Y, which is a discrete subset of points because Y is 
normal. Let 

Bi C B 2 C ■ ■ • C B n C • • • 
be a (relatively) compact exhaustion of Y such that dB n n P = for all n. Then 

ff 4 (?;(y\5„)UP) = HHY;(Y\B n )), 
because P (~l B n is a finite set of points. 

Let B n := ^(Bn). Then 

B x C B 2 C ••• C B n C ••• 
is a (relatively) compact exhaustion of X. Also, if F = _1 (P), then 

H\X; (X \ B n ) U F) = H\X; (X \ B n )) , 

because F is a union of curves (its real dimension is two) . 

Further, since dB n PI P = 0, it can be deduced that 

H 4 (X; (X \ B n ) UF) = H 4 {Y; (Y \ B n ) U P) . 

Indeed, this is easily seen from the fact that the space obtained by coning off (X \ B n ) U F in X is 
homotopy equivalent to the space obtained by coning off (Y \ B n ) U P in Y. 

Hence <fi* induces an isomorphism between H 4 (X; (X \ B n ) and H 4 (Y; (Y \ B n )) for all n. Now the 
lemma follows by taking limits. □ 

A Mayer- Vietoris argument gives the following: 

Lemma 3.3. Let X be a smooth complex projective minimal surface with holomorphically convex univer- 
sal cover X . Let <f> : X — > Y be the Cartan-Remmert reduction. Assume that the complex dimension 
ofY is two. Also assume that G := ttx(X) is torsion-free. Define Y := Y/G. Then H i (Y) = 7h. 

Proof. Since <\> is equivariant with respect to the actions of G on X and Y, it follows that Y is ob- 
tained from X by collapsing some finitely many complex curves (possibly singular) in X to points. Let 
A\ , • • ■ , A n be the connected components that are thus collapsed to points. Then Y is homotopy equiv- 
alent to X with cones cAi attached to A4, 1 < i < n. The cohomological Mayer- Vietoris sequence 
gives 

H 3 (\jA t ) — > H\Y) — > H\X)®H\\JcA i ) — ► H 4 (IJ^)- 

i i i 

Since each Ai is 2-dimcnsional, and each cAi is contractible, it follows that H 4: (Y) = H 4 (X) = Z. □ 
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Remark 3.4. Thus we are reduced to looking at smooth complex projective minimal surfaces X such 
that the Cartan-Remmert reduction Y of X is a complex surface. We collect together the topological 
facts proven so far: 

(1) H 3 (X) = H 3 (Y) = (Lcmma[2j3. 

(2) H\X) = H\Y) = Z (Lemma O. 

(3) (f>* : Z = H 4 (X) — ► H 4 (Y) is an isomorphism (Lemma \53$. 

(4) TT2(X), TT2(Y), H2(X), H2(Y), are free abelian groups (Theorem 12.31 Proposition ^. 41 and Corol- 
lary [5^]). Also H 2 (X) and H 2 (Y) are direct products of copies of Z by Corollary 12.61 

(5) H2{X) — A ® H-ziy) as ZG-modules, where A is a finitely generated free ZG-module. Also 
A = if and only if X is Stein, i.e., Y = X (Corollary CD}. 

We now set up a Leray-Serre cohomology spectral sequence for the classifying maps Y := Y/G — > 
K{G, 1) and X — > K(G, 1) for the principal G-bundles X — > X and Y — > Y respectively. (See |Hu[ 
p. 286], |Dy| Theorem 2.2] and |Kli[ Proposition 1] for closely related arguments.) 

Proposition 3.5. Let X be a smooth complex projective minimal surface with holomorphically convex 
universal cover X. Assume that G := 7Ti(Jf) is torsion-free, and the Cartan-Remmert reduction Y of 
X is a complex surface. Let R be any left ZG-module. Then 

H P+3 {G, R) = H P {G, H 2 (M, R)) 
for all p > 3. 

There is an exact sequence of G-modules, 

— ► H 2 {G, R) — ► H 2 (M, R) — > {H 2 {M, R)) G — > H 3 (G, R) — > H 3 {M, R) — > 
H\G, H 2 (ll, R)) — > H 4 (G, R) — > H 4 (M, R) — > H 2 {G, H 2 (M, R)) — > H 5 (G, R) — V 0. 
Here M is X or Y :— Y/G and M is X or Y respectively. 

Proof. Let M — > M be a principal G-bundle. Take a K(G, 1) space K; its universal cover K is 
contractible. Let / : M — > if be a classifying map. Let 

g : M x K — > K 

be the natural projection. The group G acts on K through deck transformations, and it acts on Y x K 
via the diagonal action. Since <7 is equivariant with respect to these actions, it induces a map 

g : W := (M x K)/G — ► K/G = K . 

The fibers of g are homotopy equivalent to Y (see |Hul pp. 285-286] for more details). 

Note that H 3 {Y) = = H 4 {Y) by TheoremEOl Hence H l (Y) = for i ^ 0,2. 

The Leray-Serre cohomology spectral sequence for the above fibration with local coefficients R gives 

H p {K, (H q (M, Rj) =*> H p+q (M, R) , 

and hence 

H p (G, (H q (M, R)) => H p+q (M, R) 
since if is a K(G, 1) space. 

As H l (Y) = 0, i ^ 0, 2, it follows that E%'° = H P (G, R) and E pa = H P (G, H 2 (M, R)) are the 
only (possibly) non-zero E P ' q terms. Since E P ' — 0, the differential c?2 = 0. Also, the differentials di 
are zero for i > 3. Thus d% is the only (possibly) non-zero differential. Hence 

E 3 = E 2 and E 4 = E 5 = ■ ■ ■ = E^ , 

and also 



• 



£0,o = h°{G, H°(M, Rj) = H°(G, R) = R G (see [El P- 58] for instance), 
#bo = H i\g^ H°(M, Rj) = H\G, R), 
E 2 J = H 2 (G, H°(M, R)) = H 2 (G, R), 
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• EPJ = HP{G, H q (M, R)) = HP{G, 0) = 0, for q ^ 0,2. 
Further, we have the following exact sequences: 

• — > E n J — ► ff 2 (M, i?) G A ff 3 (G, i?)) — ► 0, 

• — > HP- 3 (G, H 2 (M, R)) -% HP(G, R) — ► EPf — ► 0, for all p > 3, and 

• — > Eg? — > HP{G, H 2 (M, R)) -^ HP+ 3 {G, R) — > 0, for all p > 1. 

The above descriptions of the E'P^ q terms can be assembled to produce the following two exact sequences 
for the fibration: 

— ► H 2 (G, R) — > H 2 (M, R) — > {H 2 (M, R)) G A H 3 (G, i?)) 
(assembling E^ 2 and £^ 2 ), and 

H p - 3 {G, H 2 (M, Rj) A ff p (G, R) — > fl*(M, i?) — ► H p - 2 (G, H 2 (M, R)) 

-% H P+1 {G, R)) for all p > 3. 
Since H P (M, R) = for all p > 4, we immediately get from the above second exact sequence that 

H p+3 (G, R) = H p (G, H 2 {M, R)) 
for all p > 3. Also, concatenating the first exact sequence with the second exact sequence for p = 3,4, 5, 



we get the long exact sequence in the proposition. □ 

As a consequence we have: 

Corollary 3.6. Let X be a smooth complex projective minimal surface with holomorphically convex 
universal cover X. Let the Cartan-Remmert reduction Y of X be a complex surface. Assume that 
G = vri(X) has dimension less than four. Then 

H 4 (M, R) = H 2 (G, H 2 {M, R)) . 
In particular, 

(1) Z = H 4 (M, Z) = H 2 (G, H 2 (M)), and 

(2) Z = H^(M, Z) = H 4 (M, ZG) = H 2 (G, H 2 (M, ZG)). 

Here M is X or Y :— Y jG and M is X or Y respectively. 

Proof. Lemma E3] gives that H 4 (X, Z) = Z = H A {Y, Z), while Lemma El gives that H 4 (X, ZG) = 

Z = H A (Y, ZG). 

The rest follows from the exact sequence in Proposition ^. 51 putting H A (G, R) — H 5 (G, R) — 0. □ 

4. Duality and Poincare duality groups 

Definition 4.1. A group T is a Poincare duality group of dimension n if there is a Zr-module / (called 
the dualizing module of T), which is isomorphic to Z as a Z-module, and a homology class [i € H n (T, I) 
satisfying the condition that for any Zr-module A, the cap-product with fi 

H\T,A) — ► H n -i(T,I® z A) 

is an isomorphism. 

Poincare duality groups of dimension n will be denoted by PD(n). 

Remark 4.2. Replacing Z by an arbitrary ring R with identity, we obtain the definition of a Poincare 
duality group over R. 

Johnson and Wall, |JWj . proposed the following definition of a Poincare duality group, which was 
shown in BE to be equivalent to the above definition: 
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Definition 4.3. A group T is a Poincare duality group of dimension n if T is of type FP (see [Brl p. 
193] for definition) and 

ir(r,zr) = { ' for ^«> 

I Z, for i = n . 

The dualizing module is / = H n (T, ZT). The main content of the equivalence between the two 
definitions is that Definition 14.11 forces T to be of type FP. 

Several important groups satisfy Definition 14.11 except for the requirement that / is isomorphic to Z 
as a Z- module. This leads to the following theorem-definition (BEj (see also |Br] p. 220): 

Theorem 4.4 (Bieri-Eckmann). A group G is a duality group of dimension n if it satisfies one the 
following two equivalent conditions: 

• There exists a ZG-module I (called the dualizing module,) such that for any ZG-module A, 
there is an isomorphism induced by cap-product with a fundamental class: 

H l (G,A) ~ H n _i(G, I (g z A) . 

• G is of type FP and 

H\G,ZG)=\ ; f ° ri * n ' 

I 1 , for i = n . 

If the equivalent conditions hold, then I is isomorphic to H n (G 1 ZG) as a ZG-module and is torsion-free 
as an abelian group. 

We shall need the following fact about duality groups. 

Proposition 4.5. Let G be a two-dimensional duality group, and let I be the dualizing module. Then 
for any ZG-module N , the cohomology H 2 {G, N (g> ZG) is isomorphic to N ® I . 

Proof. Since G is a two-dimensional duality group, the dualizing module / is isomorphic to H 2 (G, ZG) 
as a ZG-module. Hence, by Theorem 14.41 for any G- module Q, we have H 2 (G, Q) = Hq(G, Q ® I). 
Further, H (G, Q ® I) = (Q <g> I) G (see [Brl P- 55]). 

Next, taking Q = N ® ZG it follows that H 2 (G, N (g) ZG) is isomorphic to (N ® ZG ® I) G , which, in 
turn, is isomorphic to (N Cg> I ® ZG)g- 

Finally, for any ZG-modulcs B and G, we have {B ® C)g — B ®zg G Br, p. 55]. Hence 

(N®I®ZG) G - {{N®I)®ZG) G = {N®I)®igZG = N®I. 

Thus H 2 (G, N ® ZG) is isomorphic to N <g> /. D 

4.1. Upgrading duality to Poincare duality. 

Proposition 4.6 ([BMS ). Let G be a Kdhler group fitting a short exact sequence 

1 — > N — > G — > Q — >• 1, 
where N is finitely generated. Suppose that Q satisfies one of the following two conditions: 

• Q admits a discrete faithful non- elementary minimal action on a simplicial tree with more than 
two ends; 

• Q admits a (strong-stable) cut R such that the intersection of all conjugates of R is trivial. 

Then G is virtually a surface group. 

Let G be a Kahler group of dimension two. Then G is a duality group unless G splits as a non-trivial 
free product. In the latter case, by a theorem of Gromov (sec DGJ for instance), or by Proposition 14.61 
taking N to be trivial, G cannot be Kahler. Hence G must be a two-dimensional duality group. 

Theorem 4.7. Let X be a smooth complex projective surface with holomorphically convex universal cover 
such that G = -K\ (X) is of dimension two. Then G is isomorphic to the fundamental group of a compact 
Riemann surface. 
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Proof. As before, we will assume that X is minimal. Let Y be the Cartan-Remmert reduction of X. 
If Y is an open Riemann surface, then G must be isomorphic to the fundamental group of a compact 
Ricmann surface by Lemma 13. II 

Assume that dim c Y = 2. We have Z = H 2 {G, H 2 (Y)) by Corollary[3H 

Let us denote the G-module H 2 (Y) by N. Then, by Corollary [373] again, we have 

Z = H 2 (G, N(g>ZG), 

because H 2 (Y, ZG) = Homx^fF), ZG) by the universal coemcient theorem and the latter is isomor- 
phic to Kom z (H 2 (Y), Z) ® ZG = N ® ZG. 

Let B be a dualizing module for G. Now the group H2(Y) is free abelian by Proposition 12.41 If 
H2(Y) = 0, then N = and hence N®B = ^ Z. If, on the other hand, the rank of H2CY) is greater 
than one, then 

Z©Z C Rom z (H 2 (Y), Z) = N. 

It follows that (Z © Z) ® B C Z, i.e., (B ® B) C Z, which is impossible. Therefore i7 2 (?) = Z = iV. 
Hence finally, we have, 

Z = 2V<g>B = Z®B = B. 

Thus, H 2 (G, ZG) = Z, and G must be a PD(2) group. By a theorem of Muller, Eckmann and Linnell 
(see |Ecj for instance), G must be a surface group. □ 

By the Lefschetz hyperplane theorem, any projective group is the fundamental group of a smooth 
complex projective surface. A conjecture of Shafarevich states that the universal cover of any smooth 
complex projective variety is holomorphically convex. Therefore, Theorem 14.71 implies the following: 

Corollary 4.8. Let G be a Kahler group of dimension two such that G is not the fundamental group of 
some compact Riemann surface. Then 

(a) either G is non-projective, 

(b) or G is the fundamental group of a smooth projective complex surface X such that X is a counter- 
example to the Shafarevich conjecture. 

The following theorem of Eyssidieux, Katzarkov, Pantev and Ramachandran EKPR (see also [KR, 
) shall be needed in obtaining a useful Corollary: 



Theorem 4.9 ( EKPR ). Let X be a smooth complex projective variety such that its fundamental group 
tti(X) is linear (meaning a subgroup o/GL(n,C) for some n). Then the universal cover X of X is 
holomorphically convex. 

Theorem 14.71 and Theorem 14.91 together immediately give the following: 
Corollary 4.10. Let G be a linear projective group of dimension two. Then G is a surface group. 

5. Rational cohomological dimension two 

Much of what we have done so far works in the more general context of group rings RG over arbitrary 
commutative rings R with identity. We refer to Remark 14. 2 1 for the appropriate generalization of duality 
and PD(n) groups over R. Consider the special case of R = Q. Let G be a projective linear group of 
rational cohomological dimension two. Then as before, G will have to be a duality group over Q. The 
proof of Theorem 14.71 then gives 

H 2 (G, Q0) = Q 

forcing G to be a PD(2) group over Q. 

We shall need the following theorem due to Bowditch and Kleiner. 
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Theorem 5.1 ( Bo, Kle ). Suppose F is a field, and that H is a group which is FP2 over F. If H 2 (H, ¥H) 
has a 1- dimensional H -invariant subspace, then H is a virtual surface group. Hence H is a PD(2) group 
over Q if and only if H is virtually a surface group. 

Also, if H is a FP2 group over 7L, and H 2 (H, ZH) has a 1-dimensional H -invariant submodule, then 
H is virtually a surface group. 

Combining Theorem 15.11 with the above observation that G is a PD(2) group over Q, we obtain the 
following analogue of Theorem 14.71 



Theorem 5.2. Let G be holomorphically convex, FP2 over Q and of rational cohomological dimension 
two. Then G is virtually a surface group. 



Again, combining Theorem 15. 21 with Theorem 14.91 we obtain the following: 

Corollary 5.3. Let G be a linear projective group that is FP2 over Q and of rational cohomological 
dimension two. Then G is virtually a surface group. Hence a linear one-relator projective group must be 
a virtual surface group. 



The last assertion of Corollary 15.31 follows from the fact that one-relator groups have rational co- 
homological dimension two |LS] . We note that Corollary 15.31 is a special case of the main theorem of 
[KM] . 

6. An example 

In [Ri] , Rivin asks if there is any complex surface other than P 1 x C, where C is a compact Riemann 
surface, whose fundamental group is of cohomological dimension at most two. We will now show that 
such surfaces exist. 

Example 6.1. Let A be a smooth complex projective surface that is an elliptic fibration over a compact 
Riemann surface S of positive genus. Let T be a compact oriented surface of genus one; so the regular 
fibers of A are homeomorphic to T. Further assume that the fibration has more than one singular fiber, 
such that the homology classes of simple closed curves on T that get pinched in the singular fibers are 
linearly independent in H\{T). (See [BHPV[ p. 201] for an exhaustive list of possibilities of singular 
fibers). It follows that t*(7Ti(T) C 7i"i(A) is finite, where 1 : T — > A is the inclusion of a regular fiber 
into A. Hence iri(X) is virtually isomorphic to iri(S). Clearly I / P 1 x C. 

7. HC GROUPS 

In this section we shall indicate an implication of the Shafarevich conjecture for fundamental groups 
of smooth projective surfaces. Let K,, V, HC denote respectively the class of Kahlcr groups, projective 
groups and holomorphically convex groups. 

It is clear that HC C? C /C. The question of reversing the last inclusion is a well-known open problem. 
The following question asks explicitly if the first inclusion can be reversed. It can be thought of as a 
group-theoretic version of the Shafarevich conjecture. 

Conjecture 7.1. (Group-theoretic Shafarevich conjecture) HC = V . 

The (usual) Shafarevich conjecture certainly implies a positive answer to Conjecture 17.11 via the Lef- 
schetz hyperplane Theorem. We describe now a general restriction on holomorphically convex groups. 

Proposition 7.2. Let G = 7Ti(A) be the fundamental group of a smooth complex projective surface X 
with holomorphically convex universal cover. Then there exists an exact sequence of G-modules 

— > H 2 (G, 7LG) — > tt 2 (A) — >■ Hom G (7r 2 (A), ZG) — > H 3 (G, ZG) — ► 0. 

It follows that H 2 (G, ZG) is a free abelian group. 
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Proof. From Proposition 13.51 there is an exact sequence of G- modules, 

— ► H 2 (G, ZG) — > H 2 (X, ZG) — > (H 2 (X, ZG)) G — > H 3 (G, ZG) — ► H 3 (X, ZG) . 

The first statement of the proposition follows from the following sequence of observations. 

1) We have H 2 (X, ZG) = H 2 (X, Z) = H 2 (X, Z) = ir 2 (X), where the first equality is the standard 
interpretation for cohomology with ZG coefficients (see |Br[ p. 209] for instance), the second equality 
follows from Poincare duality applied to X, and the third equality follows from the Hurewicz Theorem. 

2) We have H 3 (X, ZG) = H%(X,Z) = #i(X, Z) = 0, by a similar argument. 

3) Next, H 2 {X, ZG) = Rom(H 2 (X), ZG) = Rom{ir 2 (X), ZG). 

4) Finally, Hom(M, iV) G = Hom G (Af, N). 

In particular, H 2 (G, ZG) injects into tt 2 (X) which is free abelian by Proposition 12.41 The second 
statement of the proposition follows. □ 

A Theorem of Bestvina and Mess [BeMe| shows that for a (Gromov) hyperbolic group G, the cohomol- 
ogy H 2 (G, ZG) is isomorphic to the first Cech cohomology H^, cch (dG) of the boundary. Thus Conjecture 
17.11 leads to the following: 



Question 7.3. Let G E K, be Gromov-hyperbolic. Is H^ cch (dG) free abelian? 

However, we do not know any example of a Gromov-hyperbolic G for which Hc cch (dG) is not free 
abelian. 
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